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ABSTRACT 

In this paper, we consider the D-brane, especially D_-brane, in the pp-wave background, which 
has the eight dynamical and the eight kinematical supercharges. Since the pp-wave background 
has not a SO (8) but a SO (4) x SO (4) symmetric group, the D-brane world- volume theory has 
a non-trivial symmetric group which depends on the configuration of D-brane. Here, we will 
analyze the open string spectrum consistent with the non-trivial symmetric group and, at the 
low energy limit, classify the field contents of the D-brane world- volume theory which come 
from the fermionic zero modes of the open string. 
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1 Introduction 



Recently, in Ref. [1] it was shown that the pp-wave background is a maximal supersymmetric 
space like Minkowski, anti-de Sitter(AdS) and de Sitter(dS) space and that the closed string 
theory on this pp-wave background with the RR five- form fiux is exactly solvable [2, 3] in the 
light-cone gauge. Moreover, this pp-wave background can be obtained from AdS^ x by 
taking the Penrose hmit. In according to the AdS/CFT correspondence, it was suggested that 
the closed string theory in this background has a similar correspondence with the gauge theory 
with the large R-charge [4]. By many authors it was shown that this conjecture including an 
interaction terms in the gauge theory [5]- [12] side and the superstring side [13]- [20] is still valid. 
In ref. [21], the closed superstring field theory is constructed with the similar method used in 
fiat space [22, 23, 24] and the interaction hamiltonians for the closed [21] and open [25] string 
theories are determined by requiring the closure of the pp-wave background superalgebra . 

Furthermore, D-branes in the pp-wave background described by an open string, which is 
obtained from the type IIB closed string using the boundary conditions [26, 27], was identi- 
fied and their supersymmetries was classified [28]-[37]. In addition, supersymmetries of the 
intersection branes is also investigated [38, 39]. In Ref. [34, 35], it was shown that there can 
be two kinds of D-branes, for example D_-branes, D+-branes, in pp-wave background. These 
two kinds of branes appear due to the non-trivial open string boundary condition of the mass 
term caused by the pp-wave metric. Moreover, since the symmetric group of this pp-wave 
background is given by SO (4) x SO (4) due to the existence of the five-form fiux, each brane 
having a special configuration exists. This kind of a non-trivial configuration of D-brane in- 
duces the non-trivial symmetric group structure of the world- volume theory on the D-brane in 
the pp-wave background [40] . Usually, in the fiat space background the world- volume theory on 
D-brane becomes SYM (super Yang- Mills) theory which corresponds to the open string theory, 
especially the fermionic zero modes, at the low energy limit. To describe the world-volume 
theory having a non-trivial symmetric group, in the first place we consider the open string 
theory in the pp-wave background and then find the open string spectrum at the low energy 
limit which becomes field contents of the SYM theory with a non-trivial symmetric group. 

In this paper, we will explicitly show that, especially in the D_-brane cases, how we can 
obtain the field contents of world-volume theory on D-brane from the open string theory in 
the pp-wave background. The paper is organized as follows. In Sec. 2, we will give a brief 
review for the open string theory in the pp-wave. In Sec. 3, using the open string spectrum we 
will show that the field contents of the world-volume theory are obtained from the open string 
theory at the low energy limit. In Sec. 4, we will conclude this paper with some comments. In 
the appendix, we will give a shot explanation for the spinor representation. 
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2 Review of open string in pp-wave background 



In the pp-wave background including a constant R-R five-form fiux, the metric is given by [38] 

ds^ = 2dx^dx- - iJ?{x^f{dx-^f + Sjjdx^dx"^, (2.1) 

and 

-^+1234 = -^+5678 = (2.2) 

where /i is an arbitrary constant and index / runs from 1 to 8. These quantities can be obtained 
by maximally supersymmetric solutions of the type IIB string theory. 

The Green-Schwarz light-cone action in the plane wave background describe massive bosons 
and fermions. In the light-cone gauge, X'^ — r, the action is given by 



1 



•27ra'|p+| 

dr I da 





(2.3) 



where d± = d„- In this paper, we will set a = 2a'p^ for open strings and take the spinors 
S as eight two-components Majorana spinors on the world-sheet S that transform as positive 
chirality spinors 8^ under SO (8): 



where 



P' 



-1 

1 



5« = 



1 

1 



(2.4) 



(2.5) 



The presence of 11 in the fermionic action breaks the S0(8) symmetry into S0(4) x S0(4)'. 
Prom this action Eq.(2.3) we can obtain the equations of motion of the bosonic field X^ and 
the fermionic field S^: 



d+d_X^ + fi^X^ = 0, 



(2.6) 
(2.7) 



2.1 The bosonic sectors 

The Green-Schwarz action for bosonic modes is given by 
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/•Trial 

Sb = — I dr da 

J Jo 



h^Xid^Xj - ^t^'Xj' 



(2.8) 



Now we pay attention to open strings ending on Dp-branes, especially static Dp-branes for 
simplest, in plane wave background. For these open strings, Neumann boundary conditions. 



daX'\9E = 0, 



(2.9) 
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are imposed along directions of the Dp-branes world- volume and Dirichlet boundary conditions, 

a,X'^'|as = 0, (2.10) 

for remaining transverse coordinates where X"^' and X"^' imply the longitudinal and transverse 
coordinates on Dp-branes respectively. The solutions satisfying equations on motion and bound- 
ary conditions are given by 



X'^[a,T) = XqCos/xtH — - sin (IT + i2_\ — a^e^""^"^ cos -j — r, 
X^\a,T) = a;^'(a) + ^-l<'e— sin^, 



\a\ 



(2.11) 



where the zero mode parts, XQ{a), represent the positions of D-brane in transverse directions 
and are given by 

-o(-)-Y^^(e- + e'^(l"l— ). (2.12) 
Using the canonical conjugate momentum defined by 



the Hamiltonian is given by 



(2.13) 



(2.14) 



where two phase space coordinates, X^ and Pi, satisfy the following commutation relation 

[X\a), P-^(a')] = iS"5{a - a'). (2.15) 
From the above commutation relation, we can get commutation relations of expanding modes 

[xl,p'o\^i5''' and [al^,ai] ^ ujJn+mfiS^-^ , (2.16) 
where Xq and are zero modes of X^ and P^ respectively and 

cun = sign(n) \/ fJ^'^ + j o?- (2-17) 
In terms of modes n, the Hamiltonian is given by 



Hb = sign(Q;) 
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By introducing new variables for n = 







V2 ( 








vl ( 





aS+ = + (2.19) 



and for n > 



/CU, 



n 



«r = (2-20) 



this Hamiltonian can be rewritten as a harmonic oscillator form 

Hb = sign(a)i (afa^ + a^af) , (2.21) 

n>0 

satisfying the commutation relations of simple canonical form 

[aS,ag+] =5^^ and [a^ai^] =S''6^,m. (2.22) 

Notice that Oq and Oq^, which are zero modes of the transverse coordinates, are set to zero. 
Since the energy contributions of zero modes of the transverse coordinates are absent, the zero 
point energy of the above hamiltoian is given by 

Eb,o = sign(a) • ^1^^, (2.23) 

where (p — 1) is the number of coordinates satisfying the Neunmann boundary condition except 
light-cone coordinates. This Eq.(2.23) implies that the bosonic zero point energy depends on a 
world volume dimension of Dp-brane. 

2.2 The fermionic sectors 

The action for fermionic field is given by 

T^ot J Jq 

+S^ag_g2a ^ f^g^a^g^a^ ^ (2.24) 



where the spinor indices a run from 1 to 8. To describe the open string fermions, we consider 
the boundary condition which reduces the fermionic degrees of freedom: 

S'"'U^QS"'\9j:, (2.25) 
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where f2 is a product of the gamma matrices of the world-volume directions of D-brane. Then, 
the solutions of equations of motions satisfying the boundary conditions read 

S^(a, r) = cos(//t)S'o - sm(iir)USo + ^Cn [0;^((7, r)nSn + ipn(t>n{(y, ^)^Sn] , 

S\a, r) = cosMQ^^o - sm{pLr)USo + ^)^'^- + ^P-<^n(<^, r)USn] (2.26) 



where 



01 ((7, r) = e-i{u^nr-na/\a\) ^ ^(J, t) = e-^('""^+"'^/l"l\ 



Pn = , 

Cn = ^i=. (2.27) 



Using the canonical momenta defined by 



A^" ^ ^7^^ = —S^""^ (2-28) 



where A = 1 and 2, the Hamiltonian is given by 

7r|a| 



Uf= — I da IS^'^d^S^" - S'^'^d^S^'' - (S^'^US^" - S^'^US^'')] (2.29) 



At a fixed time r — 0, the Hamiltonian is written by 
Hf — — sign(Q;)2 



ia;oSo^^nSo - ^ a;nSnS_n 

n^O 

For the non-zero modes (n > 0), if we define new variables: 



(2.30) 



S-n=^f and ^n=y, (2.31) 
then the Hamiltonian for the non-zero modes is given by a similar form of the harmonic oscillator 

nF,n^o = sign(a)^ J]cu„ (6+6„ - 6^6+) . (2.32) 

n>0 

Notice that the Hamiltonian of the fermionic zero modes contains Q, whose form depends on a 
configuration of Dp-brane. Hence, in the next section, we will describe, case by case, spectrum 
of the fermionic zero modes. 
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Table 1: The rotation properties of in transverse eight-dimension. 

3 Spectrum of the fermionic zero modes 

In pp-wavc background space-time, the symmetry group is given by SO (4) x SO (4). To de- 
scribe an open string, we have to include Dp-brane. This Dp-brane breaks half supersymmetry 
and also break a symmetry group into a appropriate subgroup according to the Dp-brane 
configuration. To describe an open string on the Dp-brane world volume, we have to find 
the representation of an open string under this subgroup. Moreover, at the low energy scale 
where the stringy excitation modes are excluded, the zero mode states of this open string have 
one-to-one correspondence to field contents of the SYM theory. 

In the bosonic modes of an open string, the existence of a Dp-brane divides coordinates 
into two parts: (p — 1) Neumann coordinates satisfying d^X'^ — 0, and (9 — p) Dirichlet 
coordinates satisfying drX'^' — 0. As shown in Eq.(2.18), Dirichlet coordinates have no zero 
modes, so the zero point energy is given by Eq.(2.23). 

Now let us consider Hamiltonian of the fermionic zero modes 

'^F,n=o = -sign(Q;)2ia;oSof^nSo, (3.1) 

where 5*0 are the real eight-component spinors. Prom the fact that QIIQII = —1, an eigenvalue 
of Jin is given by or —i. Suppose that ^0 are eigenstates of QII with an eigenvalue or 
— i, then the fermionic zero modes Sq can be described by the appropriate linear combinations 
of which are complex spinors and depend on the boundary condition. In the next sections, 
we will give a full details of these combinations consistent with the boundary condition. 

Without considering the boundary condition, the pp-wave background has a S0(4) x S0(4) 
Lorentz symmetric group, which is caused by a constant RR 5-form fiux F+1234 = -F+5678 = 2//. 
This symmetric group can be described by SU(2)l x SU(2)r x SU(2)l x SIJ(2)r,, which is a 
bispinor representation (see appendix). Now consider S0(2) x S0(2)', which are rotations in 
the 12 and 34 and are generated by T12 = i7^^/2 and T34 = i7^^/2 respectively, these rotation 
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generators, T12 and T34, are related with the Cartan generators, Jsz, and J3R, of the first 
SU(2)l X SU(2)r symmetric group: 

= Im2-Tu)). (3.2) 

At the same way, other Cartan generators, J^l and J^r, of the second symmetric group SU(2)lX 
SU(2)r are given by, in terms of generators T^q and Tyg of a rotation group S0(2) x S0(2) , 

JSL = i((T56 + T78)), 

JSR = ^((^56-778)). (3.3) 

Now define complex fermions: 

where a — 1,2,3,4, and these fermions ip have a proper eigenvalues of generators in SO (2) x 
S0(2)' x Sb(2) X Sb(2)', as shown in the table 1. 

The Hamiltonian of the fermionic zero modes can be rewritten as 

nF,n=0 = -Sign(«)2za;o [V^'""' m)2a-l,2b + im2a,2b-l V'''"' 

-i {V'^"-^ (^^n),„_,^,,_, ^|;"^-' - (nn),„_,, ^^^j] . (3.5) 

Notice that if we choose ip as an eigenstate of flU, then QH is diagonalized and the second line 
in Eq.(3.5) becomes zero due to the Pauli exclusion principle. 

3.1 For D7-brane 

In this section, we will consider D7-brane lying in X^,X^, - ■ ■ ,X^, and X^. This D7-brane 
configuration gives a following symmetric group except light-cone coordinate directions: 

SU(2)l X SU(2)r X Sb(2) x 80(2)'. 

Under this symmetric group, fermions ip transforms, as shown in the table 2. ip"- and tp'^^^ where 
a = 1, 2, become a doublet of SU(2)l and ip"' and ip"''^'^ where a = 5,6, appear as a doublet of 
SU(2)r. This implies that a eight-component Majorana-Weyl spinor, 8^ in eight-dimensional 
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Table 2: The eigenvalues of under a symmetric group, SU(2)l x SU(2)r x S0(2) x S0(2) . 



space is divided by two Weyl spinors with their complex conjugate spinors in four-dimensional 
space, where we use a SO (4) bispinor representation: 

8, = (2,1)® (2,1)® (1,2)® (1,2), 

where (2,1) and (1,2) are the complex conjugate spinors of (2,1) and (1,2), respectively. 
Therefore, if we choose (2, 1) and (1,2) as creation operators, (2, 1) and (1,2) are interpreted 
as annihilation operators. These relations can be explicitly shown by writing a Hamlitonian 
of fermionic zero modes as a harmonic oscillator form. To do so, notice that in the case of 
D7-brane, ^211 is nothing but 7^^. Hence, ip become eigenstates of fill with eigenvalues ±i: 

fin^2"-^ = and OnV'^" = 



Therefore, the Hamiltonian of fermionic zero modes on D7-brane is given by 

HF,n=o = sign(a)2a;o [^''^"V"' - V^'"^'""'] • 
Introduce new fermionic variables with the following definitions: 

2V'^"-\ 



(3.6) 



(3.7) 



C = 

^^0 = 



2V' 



2a 



(3.8) 



where if) in (2, 1) and (1,2) are defined as the creation operators and at the same time, ip in 
(2,1) and (1,2) are introduced as the annihilation operators. Then, the Hamiltonian can be 
rewritten as a harmonic oscillator form 



^F,n=o = sign(a)-u;o [h^K - Wo"] , 



(3.9) 



where a runs from 1 to 4. Therefore, the total Hamiltonian of an open string ending on Dp-brane 
is given by 



7i = sign(Q;) 



n>0 



(3.10) 



8 



In Eq.(3.10), notice that for n = / runs from 1 to p — 1, which are indices of the Dp-brane 
world-volume coordinates in a light-cone gauge, and a runs from 1 to 4. In the case of non-zero 
modes (n 7^ 0), / and a run from 1 to 8. Therefore, the zero point energy of an open string 
modes is given by 

Eq = sign(a)^— a;o, (3.11) 

where the zero point energy of non-zero bosonic modes is cancelled by that of fermionic modes, 
so only zero modes of an open string give a contribution to zero point energy. Note that this 
zero point energy is exactly the same as that in ref. [35]. In the D7-brane case, the zero point 
energy is given by sign(Q;)u;o. 

At the low energy limit, we expect that the world- volume theory on this D7-brane can be 
described by a Super- Yang-Mills theory and all field contents of this theory can be also obtained 
from fermionic zero modes of an open string. To obtain field contents of the D7-brane world- 
volume theory in the pp-wave background which has a S0(4) x SO (2) symmetric group, we 
have to consider the Fock space consistent with this symmetric group. Here, we pay attention 
to the SO (4) representation, so all field contents will be described by fields in four-dimensional 
space. In addition, the rest S0(2) symmetric group, which is just rotation group in and 
plane, can be considered as a internal symmetric group. To do so, we divide a spinor indices 
a = 1, 2, 3, 4 into two parts, o; = 1, 2 and a — 1,2: here, a and a imply indices of SU(2)^ and 
SU(2)^, respectively. Then the Hamiltonian cab be rewritten as 



H — sign(Q;) 



2 

n>0 



(3.12) 



Now, to construct a Fock space we have to choose an appropriate vacuum which is annihilated 
by annihilation operators: 

= 6^1 -1,0) = 6^1 -1,0), (3.13) 

where —1 and in the state imply the charges of the rotation groups S0(2) x S0(2)'. Using 
these fermionic zero modes and the vacuum state, we can classify the field contents of the 
world- volume theory, as shown in the table 3. 

In table 3, A and A are identified with complex scalar fields having —1 and -|-1 charges under 
the rotation in X^ and X^ plane, which implies that A and A are just the linear combinations 
of the real scalar fields, X^ and X^. In six-dimensional space, these two fields together with 
A\ which is a gauge field in four-dimensional space, become a six-dimensional vector field. The 
other scalar fields, and become a singlet under the SO (4) x SO (2) symmetric group and 
have -I- or — charge of S0(2)'. 
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Table 3: The spectrum of an open string ending on D7-brane. 



3.2 For D5-brane 

In this section, we will consider a D5-brane lying in X^, X^, and X®. The configuration of 
this D5-brane breaks a S0(4) x 80(4) symmetric group into S0(3) x 80(3) ~ 8U(2) x 8U(2) in 
which 80(3) or 80(3) is the rotation group in X^, X^, X^ or X^, X^, X'^ directions respectively. 
Therefore, to find an effective open string theory on a D5-brane world volume, we have to 
investigate the field contents, especially coming from open string zero modes and transforming 
under the 8U(2) x 8U(2) symmetric group. Here, 8U(2) and 8U(2) are considered as a diagonal 
subgroup of 8U(2)l x 8U(2)r and 8U(2)l x 8U(2)r respectively. Here, we choose X^ and X^ as 
the invariant coordinates under this diagonal subgroup transformation, see Appendix. Then, 
the Cartan generators J3 = + J^r and J3 = J^l + Jm are proportional to Ti2 and T56 
respectively. 8ince ^^^"^^ — —'^37^48 _ —7^^, we assume that all fermions have an 

eigenvalue of 7^^. Then all fermions living on a D5-brane have the eigenvalues of ^7^^, ^7^'^ and 
i7^^, so an eigenvalue of ^7*^^ is fixed by the positive chirality of 7^ acting on all fermions 
living in the transverse eight-dimensional space-time, see table 4. 

As shown in the table 4, note that ip"" and ■ip"-^'^^ where a = 1, 2, 3, 4, have the same eigenval- 
ues under i'-j^'^ and 27^^, so they are distinguished by only the eigenvalue of i7'^^ or 27'^^. Here, 
ip"- and ■j/'""'"^, where a = 1,2,5,6, become elements of the doublet of 8U(2) and two doublets, 
for example {ip^jip^) and {ip"^ , ip"^) , arc connected by a 8U(2) which is an R-symmetry group of 
N=2 supersymmetry on D5-brane. To obtain a Harmonic oscillator form of the hamiltonian, 
we have to define all fermions with a positive eigenvalue of ^7'^^ as the creation operators and 
the rest are defined as the annihilation operators. Then, the Hamiltonian is written as 



H — sign(Q;) 



. n>0 



(3.14) 



and the zero point energy Eq is given by zero. 
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Table 4: The rotation properties of ■0 ending on a D5-brane. 
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Table 5: The spectrum of an open string ending on D5-brane. 



Here, since the world-volume theory of D5-brane in the light-cone coordinates has a S0(3) 
symmetric group with a SO (3) internal R-symmetric group, we will find the field contents in 
terms of three-dimensional space language. In three-dimensional space, as shown in the table 5., 

is a vector vector field, which is composed by three components representing the coordinates, 
X^, X"^ and X^. This vector field, A^ transforms as a vector multiplet under S0(3) symmetric 
group. In addition, A and A are scalar fields whose linear combinations imply the scalar fields 
of and coordinates. A^ implies X'^ field which is a coordinates of target space. This 
A^ together with A and A become a vector multiplet under a SO (3) internal R-symmetric 
group. The linear combinations of the other scalar fields, and 0, represent and X^. In 
four-dimensional world-volume of D5-branc, the vector field A^ in three-dimensional space and 
a scalar field X^ become a vector field of D5-brane world- volume theory. 
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Table 6: The rotation properties of ip in transverse eight-dimension. 
3.3 For D3-brane 

Now, we consider the D3-brane lying in and directions. This D3-brane configuration 
breaks the SO (4) x SO (4) symmetric group of the pp-wave background into the SO (2) x SO (2) x 
SU(2) x SU(2) where the first, S0(2) is the Lorentz symmetry group of the D3-brane world- 
volume theory in the light-cone gauge. The other group, S0(2) x SU/,(2) x SUi?(2) is the internal 
symmetric group representing the R-symmetry. To construct the Fock space, we have to choose 
the fermion which is an eigenstate of illl, otherwise there are extra term in the Hamiltonian, 
as previously mentioned (see Eq.(3.5)). Since flU — —7^^, consider the fermions with some 
quantum numbers under the Lorentz group and the internal group, as shown in the table 5. 

In the table 6, each i/j is an one-component Weyl fermion which is the fermionic field in the 
D3-brane world-volume theory. Now, we define the Cartan generators of SUl(2) and SUii(2) 
internal symmetric groups as J^l and J^r: 



J: 



3L 



J: 



1 



3R 



(Tse-Tyg). 



(3.15) 



Then, we find that (ip^jip^) and {ip'^jip^) become doublets under SUi?(2) internal group and 
[ip^jip'^) and (ip^.ip^) become doublets under SUl(2) symmetric group. If we choose ip"-, where 
a = 1, 3, 5, 7, as creation operators and the rest as annihilation operators, the Hamiltonian for 
the open string modes ending on D3-brane can be rewritten by a harmonic oscillator form: 



H — sign(Q;) 



UJr. 



n>0 



n n 



n n 



(3.16) 



where in the case of the zero modes (n = 0), / runs from 1 to 2 and A from 1 to 4. Therefore, 
the zero point energy, which is caused by the different numbers of bosonic and fermionic zero 
modes, is given by Eq — — sign(Q;)a;o. 
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Table 7: The spectrum of an open string ending on D3-brane. 



Note that the creation operators have — | quantum number under T34 = Hence, 
we choose the vacuum which has +1 eigenvalue of T34 and represents |1,0). This vacuum 
has to be annihilated by the annihilation operators and corresponds to the scalar field like 
■^{X^ + which has +1 eigenvalue under SO (2). All field contents coming from the 

fermionic zero modes are shown in the table 7. 

In the table 7, A and A are the linear combinations of the and scalar fields. Moreover, 
(0^,0^) and (0^,0^) are also the linear combinations of {X^,X^) and respectively. 

4 Discussion 

By many authors, the open string theory and their superalgebra on the D-brane in the pp-wave 
background arc studied. In this paper, we have exactly shown that the field contents of the 
SYM theory with the non-trivial background arc obtained from the open string theory in the 
pp-wave background. Note that the world-volume theory is described by a low dimensional 
representation, which arises due to the non-trivial symmetric group. Like the Ref. [41] where 
SYM theory as a world- volume theory of D3-brane in the pp-wave background is studied, it has 
been believed that the world- volume theory on the D-brane in the pp-wave background is SYM 
theory. However, although it is not clear how in the GS formalism we can obtain the world- 
volume theory such as the Dirac-Born-Infeld action in the flat space background, the result of 
this paper gives some evidences that the world-volume theory of D-brane in the pp-wave can 
be described by a SYM theory. 

In the case of the closed string held theory, in the Ref. [16] the interaction Hamiltonian of 
the three closed strings was obtained and in the Ref. [13] it was shown that this interaction 
Hamiltonian is a correct one compared with the supergravity calculation. In the open string 
field theory case, the interaction Hamiltonian was obtained using the similar method of the 



13 



closed string field theory. To believe that this interaction Hamiltonian is correct, we have to 
compare with the SYM theory result. So it is very interesting to compare the open string field 
theory result with that of SYM theory, we expect that the result of this paper has a crucial 
role in studying that topic. 
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Appendix 

A Spinor representation 

In this section, we will give a summary for a symmetry group, especially SO (4) in four- 
dimensional Euclidean space which was used in constructing spinors on D5-brane world- volume 
from type JIB string theory, see also a ref [42] for more details. In four-dimensional Euclidean 
space, the symmetry group leaving the metric invariant is 0(4). Let V denote a four component 
real vector with entries . Then, this 0(4) symmetry group is composed of SO (4) symmetry 
group, which is a proper subgroup of 0(4), and a parity transformation: reflection of an odd 
number of directions, e.g. — > —V^. 

Here, we concentrate on a proper subgroup, S0(4). A vector representation of SO (4) is 
characterized by invariance of a quadratic form under a group of linear transformation: 

{V,V)^GjjV'V', (A.l) 

where / runs from to 3. Since in a Euclidean space, without loss of generality, we can set the 
metric, Gjj to be equal to an identity matrix 5ij, so (V, V) is just the sum of the squares of 
V^. Now define 

= (y°i + iyV)". 

where i runs from 1 to 3. Then, Eq.(A.l) can be rewritten as 

detV = (V,V), (A.3) 
so a component of a four vector, , is given by 

T/° = ^Tr (V), V' = -^Tr {Va'). (A.4) 
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Due to a reality condition ofV^, a complex conjugate of V is given by 

Now let us consider a linear transformation: 

V ^ C/VC/'. (A.6) 

Imposing a reality condition, Eq.(A.5), and an invariance of the above quadratic form, Eq.(A.l), 
gives two constraints for a linear transformation: 

detU = 1, 

a'^Ua^ = U\ (A.7) 

and there are also the same constraints for U' . These constraints imply that U and U' are just 
elements of SU(2) group. Note that there is no condition to relate U and U' . To distinguish 
these two SU(2) groups, we denote U and U' as elements of SU(2)^ and SU(2)^, respectively. As 
a result, a vector of S0(4) can be described by a bi-spinor form as Eq.(A.2), which realizes the 
(2,2) representation of SU(2)^ x SU(2)^. Using Eq.(A.l) and Eq.(A.2), we can easily convert 
a vector representation of S0(4) to a bi-spinor representation, or vice versa. 

This S0(4) symmetry group has several subgroups. Clearly, S0(3) group is an subgroup of 
SO (4) symmetry group, which leaves invariant. Eqnivalcntly, this subgroup can be realized 
as a diagonal subgroup of SU(2)^ x SU(2)^. The invariance of under a linear transformation 
Eq.(A.6), gives the following relation 

UU' = I, (A.S) 

which characterizes a diagonal subgroup of SU(2)^ x SU(2)^. Usually, since an element of a 
Lie group can be written as the following form 

U = e'^'"', (A.9) 

the above relation Eq.(A.8), means that U' must be given by 

Now, define the Cartan generators, = (T^/2 in SU(2)^ and Jj,^^ = in SU(2)^. Due 
to the equivalence of J^l and J^r in a diagonal subgroup, an eigenstate of J^l is also that of 
JsR. Suppose that there is a fermion which is an eigenstate of J^l, then this fermion can be 
characterized by a quantum number of J^l and Jsr. However, since Jsl — Jzr = a fermion 
is charcterized by a quantum number of J3 = J^l + Jzr only. Finally, to find a appropriate 
fermion described by spinor representation of a S0(3) subgroup, we have to choose a spinor 
which is an eigenstate of J3. 
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